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Introduction

Enumerate geometry :

Qi : how
many lines in the plane

pass through 2 pants ?

A = I _
•

"

Qd : how many rate curves of deg d
pass through 3d - i points ?

Az : 1 conic through 5 pts
As i 12 a-backs - 8 pts
Ac
,
: 620 quake>

As:#ery complicated



Tropical geometry :

- - -

(1) Generalization of toric geometry .

(2) Degeneration of curves
.

°degeneration
•

my
÷:
\

tropical italian



kontseichmikhakin :
Answers Qd for every d.

(1) Think of curves as images of maps .
(2) Construct a moduli

space for
all possible maps .

(3) Interpret "

passing through a point "
as a subspace .

(4) Passing through multiple points
= intersecting .

15 ) Recursion
.



Plan f e :

1. Basics about cows
,
fans and

their maps .

2. Abstract tropical curves &
moduli spaces

.

3. Tropical stable maps .

4. Study the recursion
.

• Rec counting N%°P
• Cosresp theorem

NEP = Nd



LECTURE 1
-

Con=ans

Rational polyhedral cone :

•
Intersection of half spaces

0 = N Ht

•
Non

- negative span of vectors

0 :{ Airi / tie ≥.}
s o a

s
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Strongly convex : if 0 and _

0 c- I

⇒ 0=0

!¥¥Ñ
Simplicial : strongly cut +

same # of rays as dim
.

÷:E¥÷÷¥Ñ



Rational polyhedral fan :

collection of D.P . cones meeting
along faces

¥É EÉ
/ HI
NOT PURE PURE DIM 2
DIM



Maximal cone : cones that are
not faces of any
other cone

Pure dimensional fan : all Max

cones have same

dimension
.



Weight function :

Given a R.P. fan I

a weight function is

w :{
maximal
cones of {→%≥o
E

¥¥:



Normal vector Meir :

any integral vector in 0

that descends to a generator
of the lattice of spau
[ Spank)

Image of
7L" nspancrl

r
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Balanced fan : given a cod I

cone 2
,
we say [ is

balanced at T if we
have

-

2
,
wcos.ae/r-cSpauCe )

r>I



Marking a choice of a integral
vector (not necessarily primitive)
for each ray of I

latticeMarking ⇒ weight function ↓ index

WLT ) = / Spank)nZ
"

M -

Koi ⊕ . . -⊕ ≥ on
\

←
write Ois in

= /det [0.1 . . . /on] / term' ofgenerators
of lattice
of Inn spank)

r

00 @ ② • 0 ① O o ⑥

• • ☆ • • 0 @ I •

• ⑥ • • ⑥ • ◦ ① • |det[{ } ] /vi. I'd • • ☆ • • 0 @ I •

⑧ @ • ⑨ • @ ⑦ • &

• a • a • • • a • If

vi. I :) 6



Lenya E a marked fan

I codim I face of [

T > I

I balanced ⇔ [ Tae c- <I>
r>e

E

Ti Tz

The Trail



Map of fans :
Ei ≤ IR

"

,
-22 ≤ 112^2

f :/ E. I → I -221
is a map of fans if it is the
restriction of an integral linear
function L :D" →112^2

1122
R

O

•

•

y
@

⑥

• @ • → •

@

•
•

•

@

✗ + y

.
R

•

•

•
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112h ' 112^2
"

Push - forward of a fan : fie ,
→ Éz

f-
* (E) = { f-Gi) / f is injective out,}

If Ei has a weight function ⇒
want to give a weight function to -5*12 ,)

can)=wnt¥%TÉ|Wf*(E.) It

⑥

I ⑧
1

: Y ⑧

• @ • → •

◦ 2 ⑥ I
•

•

I ⑨

✗ + y
1
.

• 1+1
•

I
@
•

2



Irreducible fan :
E a balanced fan

if it cannot be decomposed
as a U of balanced swbfans
( w non - identical support )

For a red fan
, decomposition

into irred components is not

necessarily unique .

F- to-



Lemma : Ii
,
Iz balanced fans of

dimension d.

• I. irreducible

• I -221 ≤ I -2,1

⇒ 7 de ⊕ sit
.

I
,
=
I -22

e.g.

¥3



two balanced
fans

. -22
Degree of f- : Ii → -22

irreducible
.

f-(a) = 02

• multf (a) = WCT,)
±

. /⇔
'

/
WEIR)

f-G. n Ing

• deg f : = [ multfcr )
is.t .

f-(G)= Tv

-22 IRREDUCIBLE ⇒ deg is well
defined , i.e.

choose or however

you want .



VER-YIMPORTANTTR-ikblf.EE
, and Ez are marked

fans ( with markings {oil , {Wi })
and are given weight function
determined by markings,
then the local degree off
at a cone r is given by

/ det My spawn /
(
given bases {oil

.

( int )

{wjl ( inter)



Recap :

(1) Rational polyhedral cones & fans
p I s & I 9 &

€iH÷
{ → _ •

(2) Weight functions t balancing
¥% E. wiueiri e- <I>
¥402

(3) Markings
↳ weights
↳ easy way

to check balancing
(4) Maps of fans f : E. →Er

↳ local degree
(* If Ez irred ⇒ deg(f) well defined

(5) Marking ⇒ easy way to compute
local degrees .



LECTUREIAbstract-tropicalcurvesdtheirm-duiG-oals.io
Introduce ME

,

• Realize it as a balanced fan



Abstract
, rational

,
n-pointed ,

stable

tropical curve :

• Metric graph ( m : ECT)→ IR≥◦ )
• Trees

• n labeled leaves

• every vertex is at least 3-valent

Topological type : forget the metric
2 6

a-¥ .

✓
+5

✗
4

①
Va/2

21T ✗

21,6 2 6 ④ not

'_Ñ→ # ¥3
,#

tree

5
7-
5

4



Metin! parameter space for all
↑

a.%FE.atn.i.pt-8"Fro&iÉaEEivves
.

Curves of a given topological
type are parametrize by a
cone ≈ IR ≥¥cmI

≤ 1123,0
T2×4 ¥¥%É% 3

171 •#
c,67

5

I

¥,-2k¥
trop

Moin =

1-1 %top types T



Met:P :

'

/ 3

2
/\ 4

→ [To = ⑨

To

'

¥43
4
→ CT , =of

2

IT

( -0 Ctz =③É
Tz

2--4} no CT, =#
1-3

trop
Moi 4 =



Mii:P

¥ 5

12 ¥-4?•

I≥-13¢
45• •35 5 u

•3413
• •

25

• • 2414

⑥ ⑧

1523



Forgetful morphisms :
trop trop

Ñn+ , i MO ,n+i → Man

↑ 1-> Remove the end
labeled ntl from
P + stab

. if needed
8.
g. I≥±P, , {¥43=

5 4

i.
ntl

d. H
"

"

"

>¥
"

¥;
•

;

'
'

'

.

i ÷

i. ntl
≤

.

d Ei" ?- i
i

i



The distance function :

trop
distn : Mom → 112%1

T 1-> ( length of )path from

µ i to / ijend j
5 9

↑ 6
distr)Example 1

#¥47
"

'5

2
2 5 g

21T

3
4 distCP.gg

"

IT +7

12 13 I4 23 24 34

I >¥ ? ↳ (0
, × , ✗ , ✗ , ✗ , 0

)

2

1)¥4 ↳ ( Y , O , y , y , O , Y )
3

'

>¥ } ↳ ( 2- , 2- , o , o , Z , Z )4



dist (MEE ) ≤ 1126

y
:-. dist# ;)

¥€÷
Not a balanced fan

!



§ : Pi- RM
Ca , , . . . . ,an) ↳ (aitaj )ij

,
2

÷Y÷. '
'

;
g- { 4 4 3

Q :=R%moI
trop

MI V12 + 013 t 44 =

= ( 2 , 2 , 2 , 2 , 2 , 2) =

= § ( I , I , I , l )

⇒ vii.+43+0,4 = 0 C-②



Hist-rialnote.GR/2.n)PcspK)-i
UI UI

GT (2in) -I:) - i
↓ ↓

G-FC2.nl/,-n.,-TK)-Y,-n
, ,112 112

Man ↳ Tmz)-n

par ↑
Speyer - Stwmfels TROPICALIZATION
- . _

c- of THIS
Gibney . Maclagan EMB INTO a TORUS
MEEK Twelve



trep

Marking on Mon

Rays of ME? = 3T¥
I IC

III ≥ 2

E- := dist ( §-1€ )
I Ic

trop
Man is now a marked fan

and each maximal cone has

weight 1 .



theorem [distend 1) ≤ Q
is a balanced fan , with all
cones having weight 1

.

PRooF_ i pick a code'm I face
in MEE

.

I a cod I face corresponds to

tropical curves of the form

A B
e. g. ¥LÉ6

2
3

≥

>•≤ 7 -2

*toD C
a

4

6 5

A.B. C;D : • ends

• trivalent trees



Show the case where A.B.C. D
,

are all trivalent trees
.

Adjacent top dim cones

are : (VAUBTVAOCTVAUD)ij✓
c • Ii if i.j

J
,
A)#

☐
→ TAUB belong to

B
Same trivalent

+ tree ( i.e. A)

I ¥4B
C

D
→ fave ⇒ 0

+ • 2 : if I ,j

, ;µgg&µ, ,different
A trio

.
trees

< I > ( IEA ,jcB )
nl

01-1+1=2
Q



A length 0 to all
other edges¥!

Fee

distcriij = {
° i. I same subset

2 i. j different

subsets

(when some of A. B. C. D 's

are ends
,
will need to

use ∅ as well )



Last time :

c) NÉE as a cone coupler

(2) Forgetful morphisms
(3) Dist : Moti? → 112ᵗʰ)

∅ : Rn → Rc:)

Q := R
"/In (4)

(4) Marking on MÉ% :

E- :-. dist f-¥-1#I) ⇒ Wr = I

(5) µ
top

o
, n
is a balanced fan .



LECTURE 3
-

TDPi-ASTABEMA.IS

GOALS :

• MÉ% (R:o)

• Embed it as a balanced

fan

• Define Év and interpret
its degree as an enumerative
invariant

.



Tropical , rational , n-marked stable

map to 1122 :

trop
• T E NO

, ntm

• 4 :P →1122 , 4,ect) = @ + Et Je 7<2
-

• direction vectors

• red ends : mapped with direction v. =

• balancing : I Fe =O
e>out

• weights : record when dir . vectors
are not primitive

.

1122b
, p

1

I

a)
- bz

•

I
- b

} 2 I :)
7 I (f) (ti)

•

☆3)2
y8 It

← by ¥z)2. (t )
22

,

3

↳5



Degree of 4 : multivector%f°
direction vectors of "black " ends

.

When 0=(-61%19)%11 )ᵈ
"

⇒ the map has degree d
( in P2 )

( secretly : deg of a tropical stable map
tells us what toric surface it wants to

live in )

I
1:11:11 :) 1%1,4=9 ) (11,1-9119) , t:)

(9)



Evaluation morphisms Wi :

trop
evi : Mo.nl/R?o)-1R2(T.y)i-scpci)
er

, (171-0)=1-1,3 )

{ noteozcr,§)= 10,0) consistent
(but right )

EU} (M , 1=(3,3-2) idea _ •

^Y R2 ≥ 22
(Tif )

@ @ •
• • @ •

°
•
• ↳ g

Ufa)
U O o ⑤ ⑥ @ & • • & 0 @

2 £ • •
• • • • • • • or

•

◦ • • or • • • @ ☒3)• • •

o o @ • • & • • ⑥ @ • 0>
Often

• • • • •

f.
• • • • • %



T-hm.is/eo.:M+iiPaR:o)-sMoTnP+mxR2

is a bijection
I

¥9:-( ° '

'°' ' ) 1- 1 , -1)
(0,_ ,)

)
( 5.6 ) )

I

,
Fiel 6-

¥91.



1122

fa)
•

2
e , ←r,

gus •

f-(3)
lz off • la ls

↳fC2)

eua (P
,
f) = f-(1) + & Ñ + lz PE +G. Is

ed} (r , f) = fa) = [ li Fi
fo! all edges in a

path from 1 -73

Lemma : eoi are restrictions

of linear functions Li :Q×R2→1R2

! ! ⇒ they determine maps of fans!!



Global evaluation morphism É

→

Eo
.

-

= ed , ✗ euz ✗ . . . ✗On

:

MET (R? o)→ 1122×1127
. . _ ✗R2
-

n times
.

Ér defines a map of fans

Éir
* ( Mii:(Bro)) is a

balanced fan .

( (R2 )" irreducible
-

⇒ if I arrange

dim MÉ% CRYO) = 2h ⇒ Éu onto )



NEP (n= 101 - 1)
↑

ii
ensures

deg ÉÑ
din MEHR:o)

"

2h
"

"
# " of tropical curves
of degree 0 through

101 - l general points
in the plane !



Example :
( M ,f)

f•a> a
lz

•

f(2)
es

f(3)
⑥

e4

degEger, f) = Idetcm) / = 1.1.1 = I
x y
l , lz l , la

*

|
" ° ° ° ° °

M = 0 I O O O O

w,
, ◦ ◦ ◦ )0 1 to -11 O O

W}
'

◦

°

, f ! , 1 , to



Last time :

trop

(1) Mqn (IR:o)
• T an Int 161) -marked curve

• Cf : P → 1122

(2) evi : MF, (R? o) → 1122

(3) sxeo , : MÉ ( 1122,0 )↳> ME.in?io1xIR2

(4) Év gives a map of fans

(5) If n= 101-1 ,

NEP := deg (ET )



LECTURE 4
- .

Nikhat Kin 's Correspondence

theorem
-

-

GOALS :

• Recursion among NdᵗʳP Is

• µ+dʳ°P = Nd



theorem (Mikhalkin)

trop
-

Na =L 11:&:/didi
di+dz =D

di ≥ I

-13: d.is/N::Noi:p
trop

8g Ni = 1

N' = [ ( ? ) i. I - (3) 1. I] 1. I = I

N
= [(F) i.4 - (E) 1.2 ] +

[ (E) 4- I - (E) 8. I] = 12

CIR : Nd = Ndt'°P



MtaAuxiliary Iap_
%

o,3dt3d ×#
-

IT : Not ,%d (P ? d)→ (1/22)*-1 trop
✗ Mo

, 4

IT := Wipe ✗Way ✗ elf ✗ . . . .
✗ Abd ✗ £4

↓
evaluate /x cordoft

°

↓
- y
- 2 / forgetful

reg.eu . morphisms

•

'

z • (RG) , y (2) , RBI, Y (3)
il ,
ez •

6
→

•
241 , yea , NGT 71573

, •

4 MCG) > ya) , )• 5 zlitlz



deg IT ( in 2 ways)
-
_

Fin • 2 lines

✗ = Ri

Y = 42

• 3d - 2 pts

P3
, Py , - . . . Ptsd

is↓
2]

Tc? 2?



① IT
"

( R, ,Yz,Ps , . - - Psa , ]

Curves in
↑

must contract

some compact (internal )

edge because I >> O

'

•

q2 9--912
-

'
•

•

6
3

, •

4
• 5

N=x,



④ contracted edge adjacent to I & 2

1

i
'

p⇒÷:
→

These are t.s.ru
.

that

contribute to counting
Nd

a-a (Me)

•

1=2

y=Y2

\

'
•

•

6
3

, •

4
• 5



1

Multiplicity
-
-

(F) =/ detlm) /mutter
.ie)

-

a y l , le . _
.

_ lbd
-4
le

evi
,

°

.17=04 M (Eo) /
°

:
EU}

(nil)
:

:

evil

f4_*___×°



⑤ Contracted edge NOT adj to 1 or 2
.

land 2
; e , e

,

_
.

'
3and 4

17 12¥÷¥e
.

e-
I i.

Removing blue edge
gives rise to 2 maps
( A. y , ) (Aihl of deg 's
died with ditdz =D
a = 2C I

5 (Me)
•

I

• -

•

2

7--72
• 6

•

4

• •

3



Lemuria : (Me) c- IT
_ '

(ni .y , ,B, . . .it?diVi )
in case BO i

C) Removing contracted edge get :
( 17,4 ,) - deg di di + dz =D
(M

, %) - deg dz

(2) 1,2 t 3d , -1 marks E T ,

3,4 + 3dz - 3 marks c- Tz

(3) multp.gg/1Tt--multg-..y
,)
(EY ) •

mutter
, .ph (EU) .

multiple, ( 17,17 ) .

multya, (F. be -- at) .

multiple)(P*,Iy=yz } )



1,2 -

ᵗʰw÷y¥q,p
,

Ñ☒+" l . +%y Tha 3.4

e.
→ A

•

a-
lz f-

1-



""- = /;!;J
"""sin

"¥:*:÷i÷i÷:|
✗ = 1¥:)
MSE = Merz ,g) • ✗

det MsE = multyp.ie
,
,lEv) •malt (Fti )

*e)



IT
éi / éi
[ %

"

• - • . _→¥V-
pts pts before / ; lz

after I

4W ) E- éi others e.

win# "

f
#

Vy

MNW =

pts::÷#¥:÷H
1¥ , * i

detMnw-multy.fi?,K--rii).multqz,CPi,sy=yz3)multcr.ie
.
)(EÑ )



② Adding waythingI

deg IT = Nd +

↑

e adj to 1,2

in /
{ (
3d -4

3d
,
-
1) did 2 - di - di - Nd

,

• Ndz
id.d-

↑ melt (P .
.%)

(
In_

choosing
which points

SLIP
. and
which to

th




