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Last time: Details of profs/techniques
for the structure theorem

.

Today: Other perspectives on MoÉ%trop(man)
and other Techniques for ftp.icaizatzg

.



Man as a linear space
(connection with Felipe's course)

Recall: Man = {n distinct pts on P'Haut(IP)
= (IP

'
\ So, Liao3)

→\ diagonals
↑
pts are distinctuse autclp

') to take

Pb P2/pz to 0,1120

= 1113)
→\ { ✗i = xj }

= 1pm
-3\ { ✗i=o, ✗ i=✗j :O≤ i,j≤

n}

↑

hyperplane arrangement



Man = IP\{ xi-qxi-xj.io≤ i ,j ≤ n }

Embed into torus :

✗ l→ Exe : : ✗n
: Xo -×,

: -
- - : ✗
~,
-XD C- IPN

image is in
N = (3) + n-2-1

⇐•IN = -1--17 - n.

The image is a
linear space , cut out by

kernel elements of (I



es
Mo

,4-0 P2

Maui 1101159420}→[xo : ×, : Xo - ×,]

{ xD)xcio ,
✗to Image is ✓(2-2+-2, - E.)≤ ET✗a=✗I

⇔Tropicalgator : [
/

This is the tropicalgatien of a linear space!!

Its matroid is graphic - it is the matroid
of Kz f
In general: trap(man) = trap

1<4 graphic
matroid] -



Geometric Tropicalingestion

Rough theorem trop (X) is the image of
divisional valuations on ✗ .

Warm-up Fix an irreducible variety ¥.
laterwillbeThe function field KCX) of ✗ ≤⇔

"

is the fraction field of the
coordinate

ring of any affine chart.

eg✗
= V(✗ +y

- 1) ≤ 4<72 KCX]=R[Éy±]
⇔

k(✗)=frac( " ) ≥ KEY
.



A variety Y is birational to ✗ if there

are open sets Us ×, Vs ✗ with U≈V .

If Y is birational to ×, then

KLY ) ≈ KCX) .

eg ✗ ≤ IP
"

Y = ✗ n CITY example
we'll

✗ is birational to Y.
use -1



Defn Fix an irreducible variety × ,
and a Cnormal Q - factorial) variety
That is binational to ✗

.

A prime divisor ☐ On Y determines a
T

irreducible Ccdim -one

subvariety.
divisional valuation on KCX) as follows :

"

On an affine chart Us Y, write

☐ =✓ (f) . Then K[63, is a DVR←
☒- factorial with fraction field normal

assumptionassumption k(4)≈ KCX) .



U E-✗ open, D= V67, KCU]f DVR .

T
Thus there is a valuation local with

VID : k(7) ≤ KCX) → Rug maximal ideal
at>

gi-smaxlni.ge In > ) .

The valuation NID on ✗ is the

dwisenal valuation corresponding to Y.



U E-✗ open, D= V67, KCU]f DVR .

T
Thus there is a valuation local with

VID : KCY) ≤ KCX) → Rug maximal ideal
at>

gi-smaxlni.ge can > ) .

The valuation NID on ✗ is the

dwisenal valuation corresponding to Y.
Defn Fix ✗≤ (ki)? For a valuation
Val on KCXI, we define [val] c- IR

'

by
[val] = (valcxil , - - , valcxn) ) .



eg ✗ = ✓ (✗ +y
- 1) ≤ [1<72 (secretlymom)

✗ = Vcxty- z)s P2
is aÑR☐1=4--9 (kgy.gg?-,);-a*--hai-

"¥

is KCX]
.✗

Valo,(✗1=1 valb.ly/--valD,Ci-x7=0
[Di ]= (1,0] .

☐2=19--0 ) waltz 1×7--0 Valency)= I
[D2] = 191)



✗ = Vlxty- 1) SKEP Y=VLx+y-2-151102

☐3--1-2=0] . Chart ✗*o

'

5-¥ )
≥

vall¥)=-val#1=-1

2-=# val (¥) -_ val /¥) -VILE)
= o - 1=-1

So [☐3) = (-4-1) .



D,
: 1×-03 [D) = ¢1,0) Dz:{y=o} [123--191]
Dz :{2=03 [B) = (-1 ,-17 .

Theorem For ✗≤ KIT Annally valued)
trap (X) = d ( c[Kalb] : Valo is a

dwiscral valuation on✗}
Ce Q

≥0

eg✗ = V1✗+g-1) a.i.

¥,



Q How do we get all divisional valuations?

Fix smooth ✗ ≤ *)? Let IT be a

smooth simple normal crossings

compactification of ✗ . This a projective
variety with boundary 7)✗ equal
to a union

V -
- -uDs of divisors

The Snc condition means locally any
intersection of divisors looks like ✓
the intersection of coordinate lines .+

* ×



Fix smooth ✗ ≤ 147? Let I be a

smooth simple normal crossings

compactification of ✗ .

The boundary complex
DCI

,
X) is

a simplicial complex with one vertex

for each divisor Di, .

-

/Ds 4 a simplex
• ≤ 41, . - is} whenever gD;# ∅

eg
✗=⇔P
I =



Theorem with these hypotheses ,
trap (X) is the cone over

the embedding
of ☐ (I

,
✗7 into 11£ that sends

the vertex of Di to [VID;] .

☐ ,
✗se

y
☐32=-0⇒ * ¥5 # "

"

¥⇒ +
→"it[Volpi] = 11,07

[Walz]=(0,1) = 1122
[Valby] = (-4-1) as expected .



Theorem with these hypotheses ,
trap (X) is the cone over

the embedding
of ☐ (I

,
✗7 into 11£ that sends

the vertex of Di to [VID;] .

eg✗=Vl✗+y
- 1) F- ✓ ( ✗ + y

- z)

☐ (I , ×]
•
Di

o • Dz
% •-
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of
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