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Last lecture :

Fundamental e structure theorems.



Last lecture :

Fundamental e structure theorems.
✗

+-op (X)
= val (X) .

Today: More details , and some useful tools.
Structure theorem

✗ ≤ (G)
^ irreducible ⇒ trapCX) is the

support of a weighted balanced
polyhedral complex; such that - - - .

where do the weights come from?



Q
,
where do the weights come from?

¥ Fix a facet P of E
←polyhedral complex
structure as trap(A)

e we relist (P) .

interior of span
(P)

.

Geometrically; We
form ✗w = limit of

"

flowing
✗ in direction w

"

.

This is a union of

multlw) - torus orbits k!ᵈ counted with

multiplicity



algebraically:
choose a splitting f- imval→ K

W 1-0 Tw
Val / tw)=w .

Set R - taek : val (a)70]
.

← local
ring

m = [a c- K : valla) >a}
fr = Pym←residue field.

for ac- R et is image ink



For f = Eaux
"
e ICX)

inw (f)
= E ct%" c- k[E- ✗⇒
vodka]
1-W-U min

eg
5- = 2×2 + 3✗y + 4y2 c-①[xFy±]

Val
2

a-
± (112) min (valley+W - U) =3

inw@7 = 2×2--2×2 + 3- xy
= Et xyeZzzy⇒

inw C-(X)) =L inwfl :f c- ICX) > C- KCXF, ,✗F
✓ ( inwLICXI) is a union of multcw)

torus orbits
,
canted with

multiplicity.



eg
f = + ✗2 + y3 +1

trop (VEI)
I

•

w= 140 inw (f) = y
>
+I ✓(y% 1) = 3 lines

so multiplicity3
w = (-4-2) in# = Ñy2 1-§ one

✓(x2y2+y3) =VIE + g)
←
sultans Lt,

-F)

multiplicity



note: inw ) is a generalization of
initial ideals from G-Ebner theory.
The polyhedral complex structure on
trap (X) comes from the existence

of

the Groebner complex
finite polyhedral Complex

where

inw = inw >CI] for w,w
' in the

same cell . (generalizes
Grebner fan]



Charges of coordinates
automorphisms of KCXF! An

≥
] are

given by matrices A- c- Gln ( Z)
and I c- KI?

4$ : ✗
↳ ↳ ✗

Au

4,5 : x; ↳ Xiii

eoy A-
= ( Ig) ✗ + yi-11-xytxj.tl

✗ = (4 , 8) ✗+ ytl→ 4×+8yt



Lemma Fix 4%4%48 : kcxi-i.at ']→ KEY, ×:')
,

and ✗= VII) ≤ KC)?

Then trap/ y•
-'
(I )) = Attrplx) + vali)

eg ✗
= VCx+i) . A = 13£)

Vala . y•
-

{f> = § ÉyjT¥ (> (trick: use

A-
'

)
check. Eg> '→ ¥6" ,§ = ✗

trapLucy)) •⇔*¥É = (E)Y
Int



Projections
let ✗ ≤ 457 be a variety, and let

it :(K•)ⁿ→(k•)ᵈ be projection onto the

first d coordinates ( and also it :/R'→ Rd )
Then trop ( IT (X)) = a- ( trap(X))

P§ Idea: Use fundamental theorem .

It ( trap (X)) = cl /Walk ,), →walk*) : ✗ski ✗Dex]
= trapCit ( X1)

Get other projections by change of coordinates!



Corollary Tropical bases exist : Given
Is KCXF! xn±'] there are €, ifs C-I with

trop CVCI )) = Atrophy;))
i =)

Idea of pf : Project to hypersurfaces .

If P is a d-dim polyhedron in Es IR]
it is determined by n

- d -1-1 generic

projections to IRD
"

soon.-manson

itsprojections to IRDH
These are hypersurface,
corresp. to fi, - - ifn-dx)



Connectedness

when ✗ is irreducible
, trop(X) is connected .

Idea of proof Induction on dimension
.

Use tropical Bertini Theorem : If ✗
is irreducible

,
then for most hyperplanes

H
, trop ( X)nH

= trop (Y) for some irreducible

varietyY .

trop (Y) connected ⇒ trop ( X) connected.
(choose It to pass through facets you want

to connect)



That was the induction step . The base

case is dim 1 (tropical curves) .

This is the hard case!!!

Challenge: Find an elementary pf that the
tropicaliyation of an irreducible cave is
connected.

(Pfs of everything else I have told
you can be

understood with not much

more than undergraduate background)



Proofs I know :

① Since ✗ is irreducible
, the Berkovich

analytification is connected . There is a
cis map ✗"→ trapCX) so X" connected
⇒ trap (X) connected . (50 pages of

Berkovich theory. _ . )



sjeppot is 113m

② There is a complete f- rational polyhedral
complex £ containing trap(C) as a
subcomplex . This defines a toric scheme

over SpecLR) , and so a family
e with general fiber C e special1

Speech saber a nodal curet#
with dual graph trap(c) .
→

vertex By hard connectedness results ,
for

component,

agog

Herod" @ is connected
, so trap(c) is

connected .


