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Slogan 1:Tropical Geometry is a
combinatorial shadow of algebraic
geometry
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Goal : Understand varieties via their

tropical izaticns.



Slogan2:Tropical geometry is
algebraic geometry over the tropical
semiring

113 = ( IRU •, ⊕, ⊕ )
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3+05=3

8×07 =D

6⑦⇐⑦ 3) = 9 = 6×05-06×03

7- +000 = 7 8×00 =8



fine print: Tropical geometry is really
more than both these Things: it also

has applications outside mathematics

ey phylogenetics , economics,
machine learning, statistics , . . .
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Tropical polynomials are piecewise linear
functions :

ey +2+01×0 ✗ ⑦ 5 = min ( 2x
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Oy what are the roots of a tropical
polynomial?

eg
Can't solve 3④✗ = 5

A
, Defy The

roots of Fe ☒Cx] are the

places where
the graph is not differentiable

so the min in the tropical sun is achieved
at least twice . 5-✗+1
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Tropical quadratic formula:
f= a⊕✗2⊕ 6×0×+0C = min (2×+9×+6 , c)

g-_✗+6
6 o y=c

do

•

•

y=2Xxn

Roots . . {
c- bi b-a ate ≥ 26

⇒ ate < 26

Challenge : Compute the tropical cubic formula
- - - quintic . _ .



Connection to usual arithmetic

let K be a field with a valuation

Val : K→ 112020 s -t

Vallabh = Val (a) + val (b)
roll a+61≥ min ( val Cabral (b) )
Val (a) =D if and only if a=0

eog AnyK , val (a) = 0 if a
# 0

trivial valuation
constant coefficients



Connection to usual arithmetic

let K be a field with a valuation

Val : K→ IRUN s -t

Vallabh __Valla) + val /b)
vallaxbl≥ min ( val Cabral (b) )
Val (a) =D if and only if a=O

eeg K= ,
Val = valp p-adic valuation

valplpn%) = n ptaib

vI2( 6) = valz(2×3)--1 valz(7-27=-2
valz 191=2

.



Connection to usual arithmetic

let K be a field with a valuation

Val : K→ IR v20 s -t

Vallabh = Val (a) + val (b)
roll a+61≥ min ( val Cal , val (b) )
Val (a) = so if and only if a=0

algebraically
eeg
K= Edt))

← Laurent series

£
closed.

✓all Eaiti) = min{ i : ai#
0}

1<=681-37 = U E¢t⇒) ←Puiseux series
n≥o u

71--2+81-+3 t 9T¥ + 7-1-
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+ . ,



Connection to usual arithmetic

let K be a field with a valuation

Val : K→ 112020 s -t

Vallabh = Val (a) + val (b)
roll a+61≥ min ( val Cabral (b) )
Val (a) = so if and only if a=0

Ex: If val (a) =\ wall6) then
Val Catb) = mineral (a), vallbl)



Defn The tropicaliyation of F- Eaixiekcx]
is trap E) = ④valcai)④Xie ☒[×]

keyfact : (K algebraically closed valued
field.)

{ roots off}¥ [roots of trap (f) ]
f-(a)=0 ⇒ val(a) is a root of trap(f) .
3- a with ⇐ 6 root of trap
valley-_6
C-Cal=D



MoreVariables

F- KCXF
'
✗n
"] f = gauge

✗THE .xiʰ

UEINM
tropEl =④valcai ×

"

= min (Val (au) + × . u)
piecewise linear fan!

The tropical hypersurface of
f- c- KCXF '

,
✗n±'] is

trap (Ucf)) = {we 112? the min in trop (f) is
achieved ≥ 2 }



The tropical hypersurface of
f- c- KCXF '

,
✗n±'] is

trap (Ucf)) = {we 112? the min in trop (f) is
achieved ≥ 2 }

ey f- = ✗ + ytl trap (f) = ✗⑦ y④0

0
✗

y



eg f- = 2×2+3xyt 45 +7-✗ → 9g+6
c- [×] val =Valz

*
rapC-I = I ⑦x2 ④ Xy ⊕ 2×0§ ④✗ ⑦y⊕ I

✗ I

2×+1

C-to 6,01
y

✗
ty (01-2)

2y+2



ey f-= 8×3 + 2×3+2×5 + 8y3 + 2×2 +xy
1-25 + 2x ✗2y +8

trapE) = 3×3 ④ 1*2y⊕ I xy2④ 3y3 ④ 1×2+0
×y⊕ly2 ⊕ I ✗ ⊕ ly+03

i. it



Def- For an ideal I C- KCXF ×?]
V LII = { ✗ c-4<9

"

: f(✗7--0 tfe I }
trapCVLII) = n trap (VEI)

f- c-I


